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Integral of Derivative (Part 1)

• Let f : [a, b] → R be a continuous function that is

differentiable on (a, b)

• Given any partition P = (x0, . . . , xn) of [a, b], it follows by the

Mean Value Theorem that there exists C = (c1, . . . , cN) such

that

f (xk)− f (xk−1) = f ′(ck)(xk − xk−1), ∀1 ≤ k ≤ N

• This defines a Riemann sum for f ′ where

Sf ′(P,C ) =
N∑

k=1

f ′(ck))(xk − xk−1)

=
N∑

k=1

f (xk)− f (xk−1)

= f (b)− f (a)
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Integral of Derivative (Part 2)

• This shows that for any partition P, there exists

C = (c1, . . . , cN) such that

Sf ′(P,C ) = f (b)− f (a)

• On the other hand,

Smin
f ′ (P) ≤ Sf ′(P,C ) ≤ Smax

f ′ (P)

• It follows that for any partition P,

Smin
f ′ (P) ≤ f (b)− f (a) ≤ Smax

f ′ (P)

• This implies that∫ b

a

f ′(x) dx ≤ f (b)− f (a) ≤
∫ b

a
f (x) dx
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Fundamental Theorem of Calculus

If I ⊂ R is open, f : I → R is differentiable, and f ′ is Riemann

integrable, then for any compact interval [a, b] ⊂ I ,∫ x=b

x=a
f ′(x) dx = f (b)− f (a)
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Fundamental Theorem of Calculus

• Let f : (a, b) → R be Riemann integrable

• Given x0 ∈ (a, b), let F : (a, b) → R be the function given by

F (x) =

∫ t=x

t=x0

f (t) dt

• Then F is continuous

• If f is continuous at x ∈ (a, b), then

• F is differentiable at x and F ′(x) = f (x)

• F is the unique antiderivative of f such that F (x0) = 0
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Proof (Part 1)

• Since f is Riemann integrable, it is bounded

• There exists M > 0 such that

∀x ∈ (a, b), |f (x)| ≤ M

• For any x0, x ∈ (a, b),

|F (x)− F (x0)| =
∣∣∣∣∫ x

x0

f (t) dt

∣∣∣∣
≤

∣∣∣∣∫ x

x0

|f (t)| dt
∣∣∣∣

≤ M|x − x0|

• This implies that F is continuous at each x0 ∈ (a, b)
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Proof (Part 2)

• First, observe that for any x , y ∈ (a, b),

F (y)− F (x)

y − x
=

1

y − x

∫ y

x
f (t) dt

• It follows that

F (y)− F (x)

y − x
− f (x) =

1

y − x

∫ y

x
f (t)− f (x) dt

• On the other hand, if f is continuous at x , then for any ϵ > 0,

there exists δ > 0 such that

|y − x | < δ =⇒ |f (y)− f (x)| < ϵ
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Proof (Part 3)

• Therefore, given x ∈ (a, b), there exists δ > 0 such that if

0 < |y − x | < δ,∣∣∣∣F (y)− F (x)

y − x
− f (x)

∣∣∣∣ = ∣∣∣∣ 1

y − x

∫ y

x
f (t)− f (x) dt

∣∣∣∣
≤ 1

|y − x |

∫ y

x
|f (t)− f (y)| dt

≤ ϵ

• In other words,

lim
y→x

F (y)− F (x)

y − x
− f (x) = 0

• I.e.,

F ′(x) = f (x)
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Uniform Continuity

• Recall that a function f : I → R is continuous if for any

ϵ > 0 and x0 ∈ I , there exists δx0 > 0 such that for any x1 ∈ I ,

|x0 − x1| < δ =⇒ |f (x0)− f (x0)| < ϵ

• A function f : I → R is uniformly continuous if for any

ϵ > 0, there exists δ > 0 such that for any x0, x1 ∈ I ,

|x0 − x1| < δ =⇒ |f (x0)− f (x1)| < ϵ
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Continuity on Compact Set Implies Uniformly Continuity

• Suppose f : [a, b] → R is continuous but not uniformly

continuous

• Not uniformly continuous means that there exists ϵ > 0 such

that for any δ > 0, there exists x , y ∈ I such that

0 < |x − y | < δ and |f (x)− f (y)| > ϵ

• It follows that for each n ∈ N, there exists xn, yn such that

a ≤ xn < yn ≤ b and |f (xn)− f (yn)| > ϵ.
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Continuous Implies Riemann Integrable

• Let f : [a, b] → R be continuous and therefore uniformly

continuous

• Given a partition P = (x0, . . . , xN) of [a, b], let

w(P) = max(x1 − x0, x2 − x1, . . . , xN − xN−1)

• For any ϵ > 0, there exists δ > 0 such that for any

x , y ∈ [a, b],

|x − y | < δ =⇒ |f (x)− f (y)| < ϵ

• For each 1 ≤ k ≤ N, mk = f (cmin) and Mk = f (cmax) for

some cmin, cmax ∈ [xk−1, xk ]

• Since

|cmin − cmax| < |xk − xk−1| < δ

it follows that

Mk −mk = |f (cmax)− f (cmin)| < ϵ

• Therefore,

Smax
f (P)− Smin

f (P) =
N∑

k=1

(Mk −mk)(xk − xk−1)

≤ ϵ
N∑

k=1

(xk − xk−1)

= ϵ(b − a)

• It follows that for any ϵ > 0, there exists a partition P such

that

Smax
f (P)− Smin

f (P) < ϵ(b − a)

• This implies that f is Riemann integrable
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